A representation of SUez) is given in terms of Fermi operators. Then, it is applied to construct physical states of quantized isospin-waves (which are called 'isomagnons' in the present paper) for the sake of variational evaluation of the ground state energy under pion condensation on a dense solid neutron matter. The mixing of protons is described in terms of the excitation of isomagnons. One pion exchange effect is also taken into account. The condensation of physical isomagnons is shown to bring about the energy gain of 0(100 MeV) per nucleon. § 1. Introduction
In the studies of the dense and cold nuclear matter, the interests of many authors have been focused on the phenomenon called pion condensation/) which, if it exists, is expected to play important roles in the physics of the neutron star. One of the promising phases in which the neutral (7[0) and charged (7[C) pion condensation takes place has been considered to be the liquid-crystal-like alternating layer spin structure (ALS) (or L-ALS) of the nucleon system.
)-8)
In this hypothetical phase, the nucleon layers composed of two-dimensional Fermi liquid are supposed to form the onedimensional solid with specific spin-and isospin-orderings. The possibility of Te c condensation in the three-dimensional liquid phase has also been studied. 9 )-14) On the other hand, Pandharipande and Smith (PS)15) have pointed out that the solidification of nucleons with ALS and 7[0 condensation might be possible if the effective pion-nucleon coupling gets strong enough via the excitations of some percentage of nucleons to isobars. In the solid ALS (S-ALS) phase, however, the couplings among spins and isospins of nucleons will be significant and elementary excitations called spin-waves and isospin-waves are expected to play the crucial role in determining the solid state properties. By this terminology the conversion of a neutron to a proton at a fixed lattice site is expressed by the excitation of one isospin wave which is the superposition of all normal modes, just as the spin-flip of a nucleon on the ground state is described by the excitation of one spin-wave. One has to treat those elementary excitations quantum mechanically in order to get the correct equation of state, thereby the comparison of ground state energies of two phases becomes possible. This is the characteristic aspect which the study of the solid phase must have.
In the previous paper 16 ) (which we hereafter refer to as [I] ), starting from PS's potential/ 5 ) the isospin part of nucleon-nucleon interaction on a three-dimensional solid neutron matter was shown to have the form of the 'ferromagnetic' Heisenberg model in some density region:
where 1j is the isospin operator at the jth lattice site. The nearest neighbor coupling was assumed because nuclear force is of short range. Then the analogy to the spin-wave theory in solid state physics led us to the picture of a solid neutron matter in which collective modes called isospin-waves condensed and were propagating in the neutron-medium. The Holstein-Primakoff transformation l7 )
enabled us to describe the mixing of protons as the creation of 'isomagnons' (i.e., the quantized isospin waves). Then, in the lowest order of the pion-nucleon interaction, we studied the pion condensation by utilizing a coherent state of pions and isomagnons, and found that the system with the simultaneous condensations of 7[±, 7[0 and isomagnons was likely to have an energy Ec which was lower than Eo of the 7[°-neutron system. Although the author believes that the way of the treatment of the effect of elementary excitations in [I] was qualitatively correct, three main deficiencies in the analysis seem to have beclouded the quantitative nature. The first one is that the 'coherent' state of isomagnons contains an infinite number of unphysical states because we violated the constraint that isomagnons should obey a statistics different from the familiar Bose statistics. In other words, in the Holstein-Primakoff transformation (1· 2), the eigenvalues of dj t dj must be restricted to be 0 or one, while the coherent state violates this constraint on physical states. The estimated number of isomagnons was about 0.3 per nucleon around the nucleon number density of 0.5-0.6 fm- 3 • This value is not too large, but may not be small enough to assure the validity of the use of coherent state as the trial state.
The second problem is that the lowest order Hamiltonian was used for describing the pion-nucleon system. Such an approximation may be justified if the degree of isomagnon condensation is sufficiently small and then the deviation from the classical isospin configuration is small, which was not the case (see § 2) .
In case the condensation of isomagnons occurs, it will affect the strength of spin-spin coupling via the nucleon-nucleon potentials "1· "26\·62 VC3(rl -r2) and "I· "2(3n· 61n· 62-61· (2) VT(rl-r2) owing to the deviation of < "I· "2> from the classical value (i.e., one). The variation in the effective spin-spin coupling will in turn affect the effective isospin-isospin coupling. The third problem is that we replaced the ,,'s by their classical value (0,0, -1) in the estimation of the spin-wave effect to
E.
In this paper, we start with assuming the existence of solid phase of dense nuclear matter and tackle the first and the second problem mentioned above. In other words, we will construct 1) the physical state of isomagnons and 2) the effective Hamiltonian which incorporate the pion condensation and one-pion-exchange potential (OPEP) simultaneously in order to improve the evaluation of E. To this end, we contrive the creation and annihilation operators of T=1/2 isomagnons in terms of which the SU(2) algebra is correctly represented. The idea is that the SU(2) algebre of 1j is preserved by introducing isomagnon operators which satisfy the pertinent anticommutation relations at the same lattice site but commute at different sites. The number of isomagnons at each lattice site will never exceed one by virtue of this 'Pauli principle'. Next, in terms of those operators, the normalized isomagnon states are constructed and are used to evaluate the expectation value of the effective Hamiltonian which is obtained by splitting pion field into classical and quantum part and by performing functional integration over the quantum part. Weare especially interested in the energy difference LlE=Eo-E. These calculations are performed on the assumption that the solid phase reported by PS exists. 15 ) § 2. Effective Hamiltonian
, the lowest order part of the Hamiltonian was dealt with to evaluate the ground state energy of pion-nucleon system. The calc,ulation will be improved by dealing with an effective Hamiltonian which describes the condensation and exchanges of pions simultaneously. The following argument for this purpose is a generalization of the one given in Ref. 2) .
We start from the effective Lagrangian (nUcleons are treated non-relativistically):
x denotes time-and space-variables. We split pion field into the classical (i.e., c-number) and quantum parts and rewrite L as where a condition imposed on ~c is
The general solution of (2·4) is given by 
The symbol P in front of the integration symbol implies the principal value integration over qo. The integration over tfiq in the functional representation of the generating functional yields the effective Lagrangian
¢(x)-tfic(x).S(x)] -~ fd4Xd4yD(;r:-y)(S(x)-Sc(x)).(S(y)-Sc(Y)).
(2·7)
The effective Hamiltonian H"N is obtained by the familiar canonical method:
H2= fdx[ -21 ¢t(x)f72¢(x)+tfiAx)·S(x)+ ~ f d4 YD(x-y )S(x).S(y)].
(2·8a)
In the calculations performed later, the pion exchange part in (2·8a) will be approximated by the static OPEP for non-relativistic nucleons:
The time of all fields and sources is fixed to be zero hereafter, unless otherwise specified. Then, the expectation value of H"N is expressed as
Use has been made of (2·4) in deriving (2·9). Nucleons are assumed to form a simple cubic lattice, whose lattice vectors are given by al=(a, 0, 0), az=(O, a, 0), a3=(0, 0, a). The state of nucleon system will generally be given by the form l ) (2) (3) (4) (5) (6) (7) (8) (9) (10) where Xj and tj are two-component column vectors for spin and isospin of the jth nucleon, respectively, which generally are time-dependent. (jJ= (jJ(n, rz, ... , rN) is the spatial wave function of N nucleons which are localized at N lattice sites. As in [I], we assume the Gaussian form for (jJ for practical calculations:
A=(V/7f)3/Z is the normalization constant. R j is the position vector of the jth lattice site.
Contributions from exchange terms to the expectation value E was smaller than 3%1) and are neglected here. Then, the nucleon kinetic term becomes (2 -12) Taking the expectation value and integrating the spatial variables out, the source S which appeared in (2-8b) is expressed in terms of spin and isospin operators as
According to the spin-wave theory spin-wave has an energy gap of order of 100 MeV at zero momentum.
l6 )
This implies that spin-wave excitations hardly take_part in the low temperature physics of solid nuclear matter. Therefore, we replace 6 j by· its almost classical value (2-14)
~ does not take the exactly classical vaTue (i.e., one) but is reduced in part from it because of the zero-point fluctuation of spins. In the actual calculations, however, we will set ~=1, for the sake of simplicity. Thus, only isospin variables have been set aside as dynamical degree of freedom. The expression (2-9) for E together with (2-13) and (2-14) is the one we are going to analyze in the following sections. § 3_ Representation of isospin operators
, following the conventional spin-wave theory, we treated isomagnons as ordinary Bosons and used an unphysical coherent state for our variational calculation. What we are going to do here is to construct physical states whose occupation numbers at any lattice sites must be either zero (r 3 =-1) or one (r3=+1). To this end, in the present paper, the T/S are defined by
Here, operators dj and dj t satisfy the equal time anticommutation relation at the same site:
Then, it is easy to check that the representation defined by (3 ·1) preserves the algebra of Pauli's spin matrices. The jth neutron is converted to a proton by applying dj t on the perturbative ground state 10) which is henceforth defined by djIO)=o, for all j.
The states ~{nJ}C{nJ}rL(dj t)nJlo) are physical because the occupation number at each lattice site is less than two by virtue of (3·2). d-operators at different sites are supposed to commute: which assures that isospin operators at different sites also commute.
We introduce the Fourier transform of dj by
In case isomagnon number is not large, the time dependence will be described by the result of the conventional spin-wave theory:18)
The function w(k) defines the dispersion relation of isospin wave. The form of w(k) for free isospin waves was found in [I]. We will later derive the one for the state with pion-and isomagnon-condensate. Although we explicitly wrote the time variable t in (3·4), we henceforth set t=O and omit the time variable unless otherwise specified. The relations (3·2) and (3·3) are expressed as (Throughout our arguments, we assume the single wavevector dominance in the isomagnon trial state. This is expected because the pion field with a certain momentum will be prevailing due to the periodic structure of nucleons and to the P-wave coupling between pion and nucleon.) We see, from the argument in § 3, that this choice of trial state will be reasonable in case IDI2~1. However, the numerical calculation in [I] showed IDI2:::::::0.3, which may not be small enough. Therefore, we replace the above coherent state by a linear combination of correctly normalized physical states like
where n does not exceed N. From (3·5) and (3·6), one has 
Trial state and expectation values of isospin operators
In this section, we evaluate the expectation value E of H7CN with respect to the 
where we used Stirling's formula n!~J27fn nne-no The integration in (5·3) is evaluated by using the following formula derived by the saddle point method:
with b=c/e. From (5'3) and (5·4), we obtain in the large N limit The second equation of (5·7b) follows from the translational invariance of our trial state (5·1). We note that the difference between the physical state (5·1) and the unphysical coherent state (7·6) in [1] appears in the expression of <di ): in the latter case, it was given by DeiK.R; so that the relative error in <dj) caused by the use of the coherent state is the order of D2. Equations (3·4) and (5·7) are used to calculate expectation values of each component of isospin operator 'Z'j:
From (5·S) and the factorization property (B13) given in Appendix B, we have
The expectation value of source is expressed as
where f'=~/'
w(K)
w(K), the frequency of isospin wave with the wave-vector K which appeared in (3·4b), was given by (6·6c) in [I] for one isomagnon propagating in the perturbative ground state. In the present case, however, the ground state will consist of condensates of isomagnons as well as of pions so that the dispersion relation will be substantially modified from the non-interacting case. We deriv;e itfrom the equation of motion of the expectation value of an isospin operator.
The commutation relation with the Hamiltonian (2·Sb) leads to the equation of motion of <dj ):
<dj)=i<[H;rN, dJ) =i jdxt/JAx).<[S(x), dJ)+ ~ jdxdyD(x-y)<[S{x)· S(y), dj]). (5·11)
Assuming that each of freely propagating 7[-,7[+ and 7[0 consists of a plane wave of a single mode, we set
. rpj(x, t)= Jz (<f;/(x, t)-i<f;/(x, t))

=i/ 21f; (~Be-iW1!(q)t+iq.X+ j w:(ql) Ae iW 1!(qO)t-t,qo.x) , (5·12a) (5·12b)
with A, Band C being real. Then the first term of the second line of (5 ·11) is written as
+i~ j Vi~q,,)q;;Csin(w,/q")t-(.d+q").RJ,
where iiJ,,(q)=w,,(q)e q '/2V. The second term on the same line is approximately equal to (5 ·14) where
and <r 3 ) is given by (5·8c). In deriving (5·14), (B13) in Appendix B was utilized. Strictly speaking, (5 ·15) should involve the sum of an infinite number of terms of the form (5·16) where, AI, A2 and A3 are three reciprocal vectors of simple cubic lattice (A3=2.d). n =(nl, n2, n3) is a set of three integers each of which runs from -00 to +00. Since this term contains a factor exp( -q//2v) which rapidly decreases with respect to qn. we have kept in (5·15) only terms leading for -Ll<KsLl.
Since the time dependence of <dj ) is supposed to be given by (3·4b) with w(K) >0, ( 5 0 18b) where qm with m=(m1, mz, m3) is given by (5°16). In a similar way, we find that the equation of motion for < ( 3 ) has a consistent (and time-independent) solution only when ¢/ identically vanishes.
Energy and charge neutrality condition
The contribution to the energy per nucleon from the classical pion field in (2°9) is (5 °19) In the above, the term with n= m is dropped because of the principal value integration in (2 0 6).
Next, we have to calculate the one pion exchange part in (2 0 8b). This calculation is performed by noting that the components with the frequency ± (J) for S1 and SZ contribute in the integration, while that only the zero-frequency component contributes in respect to S3. Using (B9), (BI0) and (BI2), we have
The total energy per nucleon is (50 21)
Note that E/N is invariant under the transformation D2-. 1-D2 because of isospin symmetry.
The total electric charge of proton and of 1(-are respectively given by
where, in (5·22c), the symbol P means that the term with vanishing denorriinator must be omitted by the same reasoning which was given for (5·19). In the above expression, only leading terms have been kept. We are interested in electrically neutral system, which means Qp+ Qrr=O, or
Minima of E/N are sought under the conditions (5·18), (5·23) and Bqm,z>O (see (5·19)).
Numerical calculation
The energy depends on the parameter m in (5 ·18a) which specifies the momentum of free TC-field. qm,Z in (5·19) gets negative if we set m=(O, 0, 0) in order to minimize the contribution from the free TC-field to err. Then the negative sign in (5·23) for B must be chosen to minimize E/N. m=(O, 0, -1) is also possible, but it is given by K -> -K in the solution with m=(O, 0, 0), to which case we hereafter restrict ourselves.
We did not find stable solutions of solid phase for PS's potential 3 in [I].*) As was mentioned in Introduction, in order to convince ourselves of the existence or non-existence of a stable solid phase, calculations have to be performed which properly take into account the effect of elementary excitations other than phonons, for which we are not ready in this paper. Therefore, in calculations presented below, we simply assume the existence of stable solid phase and conventionally adopt those values of parameters f' and)) which have been reported by Pandharipande and Smith.
I5 )
The role of isospin waves can thus be qualitatively. seen if the stable solid phase exists. The 'experimental' formulae of the nucleon wave function parameter )) as functions of density in the region 0.2 fm -3 < p < 1.0 fm -3 are extracted from Ref. 15):
)) ·fm 2 =0.091 +4.685p, potential 3.
In Fig. 1, for We set ~=1 for simplicity. Since the values of ~ have been found to lie around 0.95 in the framework of variational calcula'tion in [I] , this approximation will cause about 10% of reduction oLdE, the energy differences b.etween two states: the state with Jr°-condensate and the one with Jr°-Jr--isomagnoncondensate. Therefore, we can expect that the qualitative feature in the difference between two choices of the unphysical coherent state in [I] and of the physical state adopted in this paper will be still meaningful.
We again find that the condensation of Jr-as well as isomagnons lowers the system's energy by 0 (100 MeV). The values of parameters and energies are given in Table I (potential 2) and Table II (potential 3) .
Jr+ does not form a condensate. This is because charged pions are supposed to appear through the appearance of isospin-waves which have positive frequency only. Then, the charged pion field is allowed to have positive frequency part only by virtue of the equation of motion. On the contrary, C=O does not mean that Jr°-field does not exist but it is static: in fact,
The amplitude of Jr°-field is the order of 100 MeV. What is of great interest is the energy difference LIE. For the potential 3, the LlE/N's are again in the range of 40-200 MeV in the present calculations. The state with Jr--isomagnon condensate seems to lower the system's energy as long as the dynamical degree of freedom of spins is frozen. § 6. Comment
We introduced the correct SU(2) algebra of T=1/2 isospin operators in terms of which the Heisenberg Hamiltonian is expressed by a finite power series. Our calculation based on this representation for the effective Hamiltonian which incorporates the one pion exchange effect resulted in the energy decrease of the same degree for the Jr--isomagnon condensed phase when compared to the previous calculation based on the conventional spin-wave theory.16) If those energy gains are subtracted from the values of energies obtained by PS, then the equation of state yields the negative pressure, which is the same conclusion we have reached in [1] . However, this is not the decisive answer yet to the question of the isomagnon-effect because, as was noted in Introduction, the isomagnon condensation will weaken the strength of coupling of neighboring spins via, e.g., the tensor coupling 'ij . Then, the decrease of energy due to the Jr--isomagnon condensation should compete with the increase of the zero-point energy of spins. If the latter effect dominates over the former one, the isomagnon condensation will not take place. This problem will be analyzed in the subsequent paper.
The trial state adopted in this paper is still restricted in a small region of the whole Hilbert space in a sense that the momenta of 7[0, 7[-and isomagnon are all parallel to the spin-quantization axis. Since previous authors have reported the possibility that 7[0_ and 7[--condensate have momenta orthogonal to each other 13 ).14) in the L-ALS phase, the investigation of this possibility in the S-ALS phase will be also interesting. L-ALS phase also has the solid structure along one spatial direction and should show a rich physics in the interplay between pions and elementary excitations. The study of L-ALS from this point of view will be quite intriguing.
It is easy to verify that (A6) really fulfills the desired algebra. (A2) is translated into another form
The norm of the n-particle state dt(KYlo> is (BIb)
I(
Prime on the summation symbol implies that k' = k is omitted. Then, one has (B2)
The commutation relation of Dj and Dk t is (B3a)
In the above calculation, Stirling's formula, a formula (5-4) and the fact that N is large were used as in deriving (5-5) 
